Through quantum mechanical considerations, we optimize the material response factor |χ| 2 /Im [χ], which plays a pivotal role in the fundamental limits of near-field radiative heat transfer (RHT). A comparison of the limits obtained to experimental data for select materials shows that current materials fall several orders of magnitude short of the optimized values, suggesting the possibility of significant improvement in the rate of radiative heat transfer between two bodies. This work informs material design efforts that seek to optimize RHT, as well as provides insights into the quantum origins of RHT and the theory of fundamental limits.
Introduction -Radiative heat transfer (RHT) -the process by which heat is transferred between two bodies via photons -is an important example of lightmatter interactions that impacts potential applications in thermophotovoltaics, [1, 2] nanoscale cooling, [3] and thermal imaging. [4, 5] To understand RHT, one begins by considering two bodies at temperatures T 1 and T 2 . The thermal motion of the electrons in body 1 results in radiation, which can be absorbed by body 2. The heat transfer is simply the difference between the energy flux from body 1 to body 2, φ 1 →2 , and body 2 to body 1, φ 2 →1 , and is given by
where Π(ω, T ) is the Planck distribution function and Φ(ω) is a temperature independent energy flux. [6] It is clear from Eqn. 1 that RHT will be optimal when materials support bound polaritons at frequencies coinciding with the peak in the Plank distribution function. [7] Much research has been carried out to understand the limitations of enhancements of RHT. [8] [9] [10] [11] Through a clever use of energy conservation and reciprocity, Miller et al discovered there exists a fundamental limit to RHT [11] [12] [13] which they expressed as a limit on the spectral function Φ at a polariton resonance. For extended media separated by a distance d [11] this is
where Φ BB = k 2 A 4π 2 is the flux of a blackbody, and ζ i is the material response factor of body i
These limits are fundamental in the sense that they are independent of accidentals such as shape and size and only depend on the linear susceptibility. The limit is expressed at a single frequency because it is assumed that the system is at a surface plasmon or phonon polariton resonance. As a consequence, the amplified near field RHT has a narrow linewidth and one assumes that contributions away from the peak are negligible.
More recently, these limits have been extended to include multiple scatterers and finite size effects. [14] This followed from an analysis of the singular value decomposition of the relevant response quantities, leading to the more strict limit
where g i are the singular values of the vacuum Maxwell Green's function. It is clear that the MRF is a key figure of merit for RHT. In this letter we show that the MRF has itself fundamental limits, which ultimately derive from the canonical commutation relations of quantum mechanics. This thereby leads to a more fundamental upper bound on RHT. We optimize radiative heat transfer at the molecular level, thus providing a guide for developing better materials that can then in turn be nano-structured for further improvements.
Limits on molecular polarizability -In parallel to finding fundamental limits to RHT between bulk systems, a considerable amount of work has been invested into understanding the fundamental limits of the molecular polarizability and hyperpolarizabilities [15] [16] [17] . The tensor elements of the polarizability are given by the sum over states (SOS) expressions [18, 19] 
where the prime on the sum indicates that the n = 0 term is excluded, E n0 = E n − E 0 are the energy differences between eigenstates, ω is the frequency of the incident electric field, Γ n0 is the phenomenological damping arXiv:2002.05210v1 [physics.optics] 12 Feb 2020 factor, and x n0 is the (n,0) matrix element of the position operator.
Note that infinitely many states contribute to the polarizability in Eqn. 5. However, not all of the terms are independent. Using the canonical commutation relation
it is easily shown that
for a mechanical hamiltonian H that may include electromagnetic interactions. [20] Taking matrix elements between states p| and |q on both sides of Eqn. 7 and inserting unity ( n |n n|), one obtains the Thomas-Reiche-Kuhn sum rules
This system of equations relates the transition moments and energies to each other and acts as a constraint on the SOS expression for the polarizability, from which a maximum value for α can be determined. For the static case, it is easily shown that the maximum polarizability is [21] α max = e 2 2 N e m e E 2
10
.
(9)
From molecular to bulk -We can make a connection between RHT and electron-photon interactions by relating the molecular polarizability α to the bulk susceptibility χ according to
where α * denotes the dressed polarizability, which accounts for local field effects within the material, . . . denotes an ensemble average over molecular orientations, and N is the molecular number density. We consider the bulk to be made up of one-dimensional elements so only one element in the polarizability tensor is nonzero, namely α zz . The more general tensor case is straightforward to treat in principle, but we adopt the more simple scenario for clarity in the presentation. This is not to say that the tensor properties cannot be used for specific device requirements. [22] We will also restrict our considerations to amorphous solids, thereby assuming these 1D elements to be randomly oriented. Again, this assumption is made for simplicity and can be relaxed without issue. Averaging over all orientations yields
where a iI (Ω) is the Euler rotation matrix [23] . The dressed polarizability is related to the bare polarizability by the local field factor L (1) (ω): [18, 24, 25] 
where the local field factor is given by
Combining Eqns. 10-14, we can write the bulk susceptibility as
Then, it is straightforward to show that
Eqn. 16 connects the material response factor to the quantum mechanical response of the molecular constituents. Indeed, it is apparent from Eqn. 16 that the MRF only depends on the optical properties of the individual molecules and the number density of molecules making up the material, along with a factor of 2/3 resulting from random orientations. Local field enhancements, which often play a pivotal role in optical interactions, play no role in radiative heat transfer between amorphous solids.
Optimizing the MRF -In order to make the optimzation problem tractable, we will adopt an essential state model. Namely, we assume only three states contribute to Eqn. 5 and Eqn. 8. This is referred to as the three-level model (TLM) and gives the truncated SOS expression for the polarizability
In order for the MRF to be defined, we need a reasonable approximation for the phenomenological damping factor Γ n0 . The minimum damping allowed by quantum mechanics is half the natural linewidth [26, 27] , which is given by
Eqn. 18 provides the best-case value for the MRF. As such, we use it below. It is convenient to introduce several parameters that appear in the theory of fundamental limits in nonlinear optics for our use here. [21] We have already seen the maximum polarizability in Eqn. 9. The TRK sum rules also define the maximum transition moment 19) and the scale invariant energy and moment parameters
The energy parameter E quantifies the energy level spacing. For example, E = 1 for degenerate excited states. The two level model, on the other hand, results when E 2 → ∞ so that E = 0. We also have E = 0 when the ground state is doubly degenerate.
We can now work to reduce the number of free parameters in the Eqn. 17. The (p, q) = (0, 0) sum rule gives
which allows us to write the three level polarizability as
whereω = ω/E 10 ,
and α FS is the fine structure constant. The system can thus be described by the dimensionless parameters E and X, as well as the parameters E 10 and ω. Note that although it may seem more natural to describe the frequency in units of E 10 , thereby consolidating the two into a single dimensionless parameter, the natural linewidths cannot be simplified in this manner; the rest energy of the electron defines an additional energy scale. In effect we have four dimensionless quantities: E, X,ω, and E 10 /mc 2 ,. Our approach to optimizing the MRF will be to fix values for E 10 and ω, then find the values for E and X that maximize the MRF.
Results -The results of a raster scan through allowed values of E and X are shown in Fig. 1 for select frequencies. Note that since α is symmetric in X, we restrict the view to 0 ≤ X ≤ 1. We choose E 10 = 3.14 eV to coincide with the first electric-dipole transition in atomic Aluminium [28] , and N = 8.92 × 10 −3 a −3 0 , the density of Aluminium in units of the bohr radius a 0 . One is able to clearly identify regions in parameter space that result in a large or small MRF. The values corresponding to a maximum MRF are E = 1.0 and X = ±0.71 for all frequencies. Fig. 2 shows the real and imaginary parts, respectively, of the molecular polarizability over the aforementioned parameter space. Linear scattering (Re [α]) is maximum along the two boundaries defined by X = ±1 and E = 1, respectively, while absorption (Im [α]) is a minimum at X = ±0.71 if constrained to these boundaries. Thus the requirement of a large response to an optical field must be balanced against a small absorption cross-section; the former obtained when the two excited states are degen-erate and the latter through tuning the spatial configuration of the wavefunctions (i.e. X). A large transition moment between the ground and first excited state enhances the required light-matter interactions, but also increases absorption. The TLA gives an approximation to the optimized MRF because truncation of states leads to contradictions in the TRK sum rules. [29] To provide an estimate of the disparity, we calculated the MRF using many states (N = 21) in Eqn. 5, where the sum rules are enforced for 1 ≤ p, q ≤ 7. Details on the protocol that we use at select frequencies can be found in the work of Lytel et al [30] . The largest MRF obtained with this method is approximately four times larger than the three-level limits. However, the optimal parameters lead to the same conclusions regarding material design; namely, degeneracies among the excited state are desirable for enhancing linear scattering, while tuning the transition moments between states leads to a decrease in absorption. This suggests that although the TLM doesn't provide an exact upper bound, it none-the-less provides a fundamental measure of the quality of the material response factor and provides key target parameters for the design of optimal materials for RHT.
We repeated the optimization procedure for characteristic energies E 10 = 4.63 eV, 3.66 eV, and 4.93 eV, which coincide with the first electric-dipole transition of Gold [31] , Silver [32] , and Silicon [33] , respectively. We also tried densities corresponding to silver (8.68 × 10 −3 a −3 0 ), gold (8.75 × 10 −3 a −3 0 ), and amorphous silicon (7.40 × 10 −3 a −3 0 ). Once again, for every combination of E 10 and number density N , we maximized the MRF with respect to E and X. We found that the maximum value of the MRF depends on density and E 10 , varying within the range 10 7 − 10 8 a 3 0 . Rather surprisingly, the optimal parameters E and X displayed no such dependence: the MRF was optimized with E = 1 and X = ±0.71 for all densities and first excited state energies.
Comparison to Experiment -Next, we study how actual materials compare to these optimized values. Tabulated complex permittivities for Silver [34] , Gold [34] , Aluminium [35] , and Silicon [36] were used to calculate the polarizability of each material. From the polarizability, we used Eqn. 16 to determine the MRF. These are shown in Fig. 3 (solid lines) along with the optimized MRF from the TLM (upper set of dashed lines). What is immediately apparant from Fig. 3 is that the actual values are several orders of magnitude smaller than the optimized values. The enormity of this gap is largely due to the assumption of minimal damping. Inclusion of inhomogeneous broadening results in limits represented by the lower set of dashed lines in Fig. 3 . This reduces the limits by approximately four orders of magnitude, making the gap about a factor of 100. Conversely, this suggests that one avenue for substantially enhancing the MRF of real materials is to decrease inhomogenous broadening.
The gap seen in Fig. 3 is reminiscent of the corresponding gap for the first and second hyperpolarizabilities in nonlinear optics. [21] In the theory of fundamental limits of the hyperpolarizabilities, one defines the intrinsic hyperpolarizabilities as
where β max and γ max are the maximum possible hyperpolarizabilities. The intrinsic hyperpolarizabilities have been used to augment experimental studies of the nonlinear optical response of quantum materials. [37] [38] [39] [40] Furthermore, exploring the gap between the empirically measured β int. and the maximum value of 1 has lead to experimental [38, [41] [42] [43] [44] and theoretical [45] [46] [47] [48] [49] work aimed to improving nonlinear materials. This motivates the definition of the scale-invariant intrinsic material response factor
where ζ 3L opt. is the MRF optimized within the TLM, where the natural linewidth is used for the damping factor to get the absolute upper bound. We propose the intrinsic material response factor as a figure of merit for materials involved in radiative heat transfer. This figure of merit can be used by researchers as a goal post for developing new molecules that can be used in the fabrication of nanostructures, and it provides a scale-independent method for comparing materials.
We can interpret the intrinsic MRF in terms of spatial scaling in light of the dependence of the limits on E 10 . The energy difference E 10 defines a characteristic length which measures the spatial extent of the electronic ground state wave-function. [50] Thus, instead of thinking of the optimized MRF as a limit for a given energy spectrum, it can be thought of as the best case scenario for the scaling of the MRF with respect to the size of the molecule. Molecules with a large intrinsic MRF are the elements that will scale most favorably as the size is increased. Thus, optimizing molecules using the intrinsic MRF is a two-step process. First, the intrinsic MRF is itself optimized. The best molecular units found can then be "scaled up" to larger unit cells that might yield exceptionally large MRF. This method has been successfully utilized in nonlinear optics. [51] [52] [53] Conclusions -In summary, we have demonstrated that the figure of merit arising from the fundamental limits to radiative heat transfer -namely, the material response factor -is itself amenable to constrained optimization, and that the constraints ultimately derive from the algebraic structure of quantum mechanics. This limit depends only on the optical properties of the molecular substituents and the molecular number density. The limits found when compared with common materials are orders of magnitude higher, suggesting that molecular synthesis is a promising avenue for fabricating better materials for RHT. The prolific work that has previously been carried out in maximizing the linear and nonlinear response of molecules can be leveraged in the effort to maximize radiative heat transfer between amorphous materials. We find that the three level model provides a relatively simple theory that defines key desirable features in the energy spectrum and transition moments, which can be used to guide materials development and gain insight into the origins of the maximal material properties.
